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Abstract: The exact solutions of the (2+1)-dimensional Zabolotskaya--Khokhlov equation 

with dissipative terms are found by using the similarity transformation method. The solutions 

are analyzed physically through their evolutional profiles. 
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1. INTRODUCTION  

The nonlinear partial differential equations (NPDEs) have extensive physical applications to 

describe complex phenomena in fluid dynamics, biology and nonlinear optics as described, 

e.g., in Refs. [1-5]. Therefore, seeking the exact solutions of NPDE’s became very important 

and significant in the fields of nonlinear sciences.   

As a suitable illustration, authors considered the following form of Zabolotskaya-Khokhlov 

(ZK) equation with dissipative terms 

��� + ����	 + � ��� + � ���� + � � = �,              (1.1) 

where � = ���, �, �� is used for brevity and � and μ are non zero real constants (Responsible 

for dissipation). Throughout the article, the term equipped with subscript denote the partial 

derivative of the indicated function with respect to the subscript variable. 

The ZK Eq. (1.1) can be derived from the (2+1)-dimensional Burgers' equation under some 

parametric restriction [1,3,6]. In the past few decades, a great efforts had been done to solve 

the ZK equation by a diverse group of scientists, notably ZK equation is an approximation to 

describe the propagation of a confined three-dimensional beam in a slightly nonlinear 

medium without dispersion or absorption [1]. 

Infinitesimal symmetries and exact solutions of the ZK equation with a specific form had 

been found in the Refs. [7,8]. The propagation of sound wave in a nonlinear medium is well 

described [9]. The general derivation of the ZK equation was also established [7,8]. The 
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solutions of obliquely interacting N travelling waves to the ZK equation were obtained [11]. 

Some similarity reductions and the exact solutions of the ZK equation (1.1) are found in [12].  

Later on, the Fréchet derivatives were used to generate the Lie symmetries of the ZK 

equation and got its some exact solutions [6]. The travelling wave-like solutions of the ZK 

equation with variable coefficients were obtained by transforming it into the Riccati equation 

[13]. Motivated by the rich treasure of the ZK Eq. (1.1) in the available literature [1-13], 

authors attained the new invariant solution of the ZK equation by using the similarity 

transformations method (STM). 

The purpose of this work is to generate Lie symmetries of the ZK equation and then to get 

new exact solutions by using the STM. The STM is a widely applied and quite successful 

technique for finding the closed form solutions of nonlinear partial differential equations 

(PDE's) or ordinary differential equations (ODE's). The STM is based on the study of Lie 

transformation groups that leave differential equations invariant. Indeed, the invariance 

property enables us to reduce the number of variables by one. Thus, using this procedure 

repeatedly and with the help of similarity variables, one can reduce the ZK equation to an 

ODE which occurs nonlinear in general. In some cases, it may be possible to solve this ODE 

analytically or some time the ODE must be solved numerically using some boundary 

conditions. The references [7,8,12,14-24] can be profitably consulted to study the required 

theory for the description of the STM and its applications. 

2. INVARIANT SOLUTIONS 

In this section, authors described the methodology for STM. To save the space, author 

touched every step briefly, but this will whet the one's appetite for delving into the same. 

First, authors generated the Lie symmetries of the ZK Eq. (1.1) and then found its invariant 

solutions. Therefore, one can exploit the one-parameter (ε) Lie group of point transformations 

of Eq. (1.1) as follows.  

x∗ = x + ε ξ���, �, �, �� + �����, 
y∗ = y + ε ξ���, �, �, �� + �����, 
t∗ = t + ε τ��, �, �, �� + �����, 
u∗ = u + ε η��, �, �, �� + �����,  
u∗!∗ = θ! + ε η! + �����, 
u∗!∗!∗ = θ!! + ε η!! + �����, 
u∗!∗"∗ = θ!" + ε η!" + �����, etc 

       

           (2.1) 
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where ξ
�, ξ�, τ and η are the infinitesimals for the variable �, �, � and � respectively, and 

# ��, �, �� is the solution of the ZK Eq. (1.1). 

Further, we assume Eq. (1.1) is invariant. Thus, the surface invariant condition on the ZK Eq. 

(1.1) provides 

[η!"] + 2'η!(θ! + η θ!! + u [η!!] + λ η!!! + μ η)) = 0,                                                    (2.2) 

where 'η!(, [η!!] and [η!!] etc. stand for prolongations [14,17]. 

Substitution of the values of prolongations from [14,17] into (2.2) provides an equation in 

terms of the partial derivatives of  ξ
���, ξ���, τ and η. So we can arrive on the following system 

of coupled PDE's by equating to zero the coefficients of various monomials.  

+�
�,� = +�

�	� = +�
�	� = -� = -. = -� = �, 

+./
�	� = +..

�	� = �, 

+�
�,� = 	

0 +.
�	�, +.

�,� = − ,
	2 +/

�	�
, 

-/ = 3
0 +.

�	�, 4 = +/
�,� − 	�

0 +.
�	�

. 

Solving the system of PDE's (2.3) for infinitesimals  ξ
�, ξ�, τ and η one can find 

ξ
��� = 5,� − .

	2 6,
′ �/� + 6	�/�, 

ξ
��� = 7

� 5, + 6,�/�, 
8 = 25,� + 9	, 

η = −5,� − .
	2 6,

′′�/� + 6	
′�/�, 

where 5, and 9	 are the arbitrary constants and 6,�/� and 6	�/� are the arbitrary functions. 

The similar values of infinitesimals (2.4) for (1.1) are also generated in [6, 12]. The prime 

denotes the differentiation of a function with respect to its indicated variable throughout the 

article.  Further, the choices of 6,�/� and 6	�/�  provide us the new physically meaningful 

solutions of the Eq. (1.1). Therefore, authors considered 6,�/� = −2µ:7t + :; and 6	�/�= 

:<t + := with arbitrary constants :7, :;, :;, and :<. Therefore, Eq. (2.4) recasts 

>�,� = 5,� + 90. + 9?/ + 9@, 
>�	� = 0

	 5, − 	µ90/ +  93, 
- = 	5,� + 9	, 

A = −5,� + 9?. 
Therefore, the symmetry Lie algebra C< of (1.1) is generated by the operators 

           �2.3��2.3��2.3��2.3�    

     �2.4��2.4��2.4��2.4�    

                 �2.5��2.5��2.5��2.5�    
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G, = � H
H� + 0

	  H
H + 	� H

H� − � H
H�, 

G	 = H
H�,    G0 =  H

H� − 	�� H
H,  G3 = H

H,      G? = � H
H� + H

H�,   G@ = H
H�. 

The C< is the direct sum of V�, V�,... , V= and its commutator table is given by the table-1. The 

(i, j)
th 

 entry of the table represents the Lie bracket [Vi  Vj] = ViVj − VjVi. One can observe that 

the table is skew-symmetric with zero diagonal elements. 

 Table -1: Commutator Table 

 

 

 

 

 

 

 

 

 

 

 

Table-1 shows that the generators V�, V�,... V= are linearly independent. Thus, to get the 

invariant solutions of the ZK Eq. (1.1), the characteristic equations are 

J�
>�,���,,�,�� = J

>�	���,,�,�� = J�
K��,,�,�� = J�

A��,,�,��.                            (2.6)                                                                    

The different forms of the solutions of ZK Eq. (1.1) are obtained by assigning the particular 

values to :L
′M (1 ≤ i ≤ 6). Therefore, the STM predicts the following cases to generate the 

different forms of the exact solutions. 

Case (I): If :�  ≠ 0, then comprising (2.5) and (2.6) yields 

J�
�OPOQ�OR = J

0
	S	2T/OU

= J�
	�OV = − J�

�SQ,                       (2.7) 

where  A = XY
Z[

, B = X]
Z[

, C = X_
Z[

, D = Xa
Z[

 and E = Xc
Z[

. The similarity form of the solution of the 

Eq. (1.1) can be written as 

� = d + ,
√f 6�g, h�,                                                                 (2.8) 

 with similarity variables 

* V� V� V7 V; V< V= 

V� 0 −2V� 
1
2 V7 − 3

2 V; V< −V= 

V� 2V� 0 −2 μV; 0 V= 0 

V� − 1
2 V7 2 μV; 0 V= 0 0 

V� 
3
2 V; 0 V= 0 0 0 

V� −V< −V= 0 0 0 0 

V� V= 0 0 0 0 0 
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g =  � Oj0 /Oj3. O j? 
√f  and h = O5�Oj

k0 3l                 (2.9) 

where m =  2� +  n, : =  4µo, b = 
p
7µAE + 

�q
7 , 

 b7 =  −�s +  o:�, b; = −2A and 

 b< = C − 3Ab + (Aa − B)E. 

Inserting the value of u from the equation (2.8) into (1.1), we get the following equation. 

−2FX − XFXX − 
0
	Y FXY +( tu )

2+ F FXX + λF3X + µFY Y = 0.                               (2.10) 

One can find a new set of the following infinitesimals by applying the STM on (2.10). 

>�,�vvvvv = − @w
x� y + z, >�	�vvvvv = w, A{ = 0w

x� y + z,                                         (2.11) 

where | and } are arbitrary parameters. It follows that the characteristic equation for (2.10) is 

given by 

Ju
S@w

x�yOz
= Jy

w = Jt
0w
x�yOz

.                            (2.12) 

Now, the following sub cases (IA) and (IB) are arisen: 

Case (IA): If | ≠ 0, then the STM constructs the following form of ~ for the Eq. (2.10). 

	6 +  g − 
0�
w y = ��u,�,                                                            (2.13) 

where ϕ is the similarity function and X� =  � + 7
p�  ��  − �

� � is the similarity variable. 

Substitution of ~ from (2.13) into (2.10) provides the following ODE. 

	��′′′ +ϕ�′′+�′
	 + �2 ��	

w	 − 0u,) �′′ +6� ,
3� − ,� �′ + 0 = �.                       (2.14) 

Its primitive is given by the following ODE under the condition µ = 1/ 2 otherwise can be 

solved numerically. 

	��′′ +ϕ�′+ ��	

w	 − 0u,� �′ + 0u, = �,,             (2.15) 

where �, is an arbitrary constant of integration. 

Case (IB): If α = 0, then applying the same procedure as we have done in the case (IA). 

Therefore, one can have the following similarity form of the function ~ for 

the Eq. (2.10) 

6 =  g +�,�y�,                  (2.16) 

with similarity variable � and similarity function ϕ��Y�. 

Substituting ~ from (2.16) into (2.10) provides 

�,�y� = y	

	w + w,y + �,,                (2.17) 
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where α� and β� are arbitrary constants of integration. 

Comprising Eqs. (2.8), (2.16) and (2.17), solution of the ZK equation (1.1) is furnished by 

���, ., /�  =  d + 
�O�0/O�3.O�?

√	/O� + ,
	2

�.O9/O��	

�	/O��	 +�,
�.O9/O��	

�	/O��? 3l + z,
�	/O��, 	l            (2.18) 

3. ANALYSIS AND DISCUSSION 

This section deals with the physical analysis of the exact solution (2.18) of ZK equation (1.1). 

Solution is verified by maple 13. As the solution involves arbitrary constants α1, α2, β1, β2 

and A, B1, C etc., hence the solution leads to the physically meaningful value of u(x, y, t). 

Author presented the solution graphically via Fig 1. In the figure, µ = 1.5497 is taken. The 

solution profile is conserved since u → constant (A) as t → ∞. After � = 5, it becomes steady 

for this choice of parameter. 

 

Figure 1: Profile of (2.18) showing that the nonlinear behavior of wave becomes steady 

 

4. CONCLUSION 

Some new explicit and exact solution of the ZK equation has been found by using the STM 

successively. The STM predicts new forms of u(x, y, t). So these forms generated the new 

semi analytic solution. The dissipation factor µ plays an important role providing the solution 

of physical importance like in ultrasound transducer and tumour ablation techniques. The 

solution can serve as benchmark in the accuracy testing and comparison of numerical 

solutions. This work will illuminate the new research if someone is able to find the solutions 

of (2.14) and (2.15). 
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